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Abstract

In recentyears, the Multilevel FastMultipole Algorithm (MLFMA) hasbeendevelopednto oneofthe
mostpowerfultechniquesfor acceleating the iterative solutionof integral equationsof electomagnet-
ics. It hasbeenshownthat MLFMA reduceshe computationacompleity of a matrix-vectormultiply
of a densematrix fromO(N?)to O(N log N) or O(N), whee N is the numberof unknowns e have
recentlydevelopedanimplementatiorof MLFMA calledthe Fastlllinois SolverCode(FISC)for multi-
processosharedmemorycomputes, which hasbeendistributedto more than400copiesto government
andindustrialuses. In anattemptto extendtherange of problemshat canbe solvedusingMLFMA we
havealsodevelopedan applicationindependentistributedmemoryMLFMA kernel,calledScal eME
usingMPI.

In this paper we shall summarizehe characteristicfeatueswhich distinguishesMLFMA from its
static counterpart,sud aswork required for ead level, the sizeof multipole expansionsand interpo-
lation/filtering operations,and their influencein the parallel algorithm design. We shall next discuss
majorissuesn theparallelizationwhich are uniqueto thedynamicMLFMA, sud asreducingthemem-
ory requirrmentdor translationoperators andthereductionof replicatedgeometricdatastructues.\We
shall also briefly discussthe load balancingstratggies. Finally, we shall presentsomerepresentative
numericalresultsfroma ScaleMEacceleatedelectomagneticscatteringcode includinga simulation
involving 4 million unknownsand that of the radar cross-sectiotomputationof a full scaleair-craft
on a Beowulfclasscluster We also give a brief overviev of the sequentiaimplementatiorof dynamic
MLFMA anddiscussts major achievementsincludingthe scatteringfroma sphee of 120 wavelength
diameter modeledwith 9,633,792unknownsand a VFY218at 8 GHz with 9,990,918unknowns.The
equivalendensamatrix systenwould havebeenimpossibldo solveusingclassicalmethodsn existing
computes.



1. Introduction

Integral equationmethodsare widely usedfor the solutionof electromagnetiscatteringproblems.
In this approachthe problemis first formulatedin termsof an appropriatantegral equationandthen
reducedo a systemof linearequationsisingthe Methodof Moments(MoM). The matrix for thelinear
systemis denseandrequiresO (N?) memorystoragewhereN is the numberof unknavns. Theresult-
ing linear systemis thensolved by eithera directmethodsuchasLU-decompositioror by aniteratve
methodsuchasthe ConjugateGradientMethod(CGM). It is well known thatthe numberof operations
necessaryor the direct methodis O(N®) andhence the maximumsize that canbe solvedis limited
to a few hundredthousandunknovns evenwith modernsupercomputersOn the otherhand, iterative
methodsrequirethe applicationof the coeficient matrix to a sequencef vectorsin the solutionpro-
cess.Eachof theseevaluationsrequiresO(NN?) operationsmakingit prohibitively expensve for large
problems.

In recentyears,anumberof technique$fiave beenproposedor therapidapplicationof the coeficient
matrix to a givenvector Among these the FastMultipole Method[1] andits multilevel or recursve
variantthe Multilevel FastMultipole Algorithm (MLFMA) [2] have establishedhemselesasthe most
powerful ones.It hasbeenshovnthatMLFMA reduceshecomputationatompleity of amatrix-vector
multiply to O(N log N). Using MLFMA acceleratedMoM codes researcherbave solved very large
scaleproblemg2, 3, 4].

We have developedtwo versionsof dynamic MLFMA: FISC for multiprocessorsharedmemory
computersand Scal eME for distributed memoryMLFMA kernel using the MessagePassinginter-
face(MPI) [5]. FISC (Fastlllinois Solver Code)[6, 7], co-developedby the Centerfor Computational
ElectromagneticdJniversity of Illinois and SAIC-DEMACO, is designedo computeRCSof atarget
describedy atriangularfacetfile. Theproblemis formulatedby themethodof moment§MoM),where
the RWG (Rao, Wilton, and Glisson)[8] basisfunctionsare used. The resultantmatrix equationis
solvediteratively by the conjugategradient(CG) method. The MLFMA is usedto speedup the matrix-
vectormultiply in CG. Both compleities for the CPUtime periterationandmemoryrequirementsre
of O(NlogN). SinceMarchof 1997, morethan400copiesof FISChave beendistributedto government
andindustrialusers.

FISC was parallelizedfor multiprocessorsharedmemory computers. Recently in an attemptto
extend applications,the authorshave developeda new parallel versionof dynamic MLFMA. This
new portableimplementatiorof the dynamicMLFMA is calledthe Scal eME for Scal@ableMultipole
Engine. Scal eME is implementedasa library of usercallablefunctionsandis targetedat distributed
memorymachinesand networked clusterof workstations.In orderto achiese portability over various
multicomputersMPI wasusedfor communication.We have reportedsomepreliminaryresultsin [9]
anda more extensve setof results,specificallyfor electromagnetiscatteringoroblems,hasbeenre-
portedin [3, 10]. Furtherdetailson this library have beenreportedn [11].

The objective of the presentpaperis briefly to discusssomeof the uniquecharacteristicef the dy-
namicMLFMA, comparedo its staticcounterpartandtheir influenceon the parallelalgorithmdesign.
Theseissuesnclude, but not limited to, the work requiredfor eachlevel, the size of multipole expan-
sionsandinterpolation/filteringoperationsscalingof translationmatricesanddomaindecompaosition.
We shall discusssomeof the techniquesve have developedto handletheseissues.Furtherdetailson
thesetopicshave beenreportedn [12].

The paperis organizedasfollows: in the next sectionwe shall briefly discusshe dynamicMLFMA



andits uniquecharacteristicsThen,we shall discussthe constructionof the tree,the domaindecom-
positionalgorithms the scalingof translationmatricesassociateavith the MLFMA andtechniquegor
solving this issue,anda techniquefor load balancing. Finally, in Section4 we shall reportsomenu-
mericalresultsdemonstratinghe performancdor somestandarcelectromagnetiproblemsusingboth
Scal eME andFISC.

2. A Brief Review of Electrodynamic MLFMA

MLFMA for electromagnetiscatteringproblemss essentiallyanextensiorof thatfor scalatHelmholtz
equationto vectorproblems.Althoughit hasbeendevelopedfor bothtwo andthreedimensionaklec-
tromagnetigroblemsjn this paper we shallrestrictour discussiorto thethreedimensionahlgorithm.
Furthermoresinceour objective is to solve integral equationsdescribingvariousscatteringproblems,
ourdiscussiorwill implicitly assumehatwe areusingMoM basedechniqudor their discretization.

We begin by notingthatin MLFMA, we aredealingwith the interactionbetweena setof “sources”
anda setof “recevers”. Thesetwo conceptanbebestexplainedwith respecto theMoM solutionof
anoperatorequation.Considettheintegral equation

(%) = g(x) + / K (%, %) f(x') dx’ 1)

to besolvedusingthe MoM. In theabore equationD C R?, K (x,x') is thekernelof theequationg(x)
is aknown functionand f (x) is theunknavn to bedeterminedin orderto do this, we approximatehe
unknown function

f(x) = Z fii(x)

whereg¢;(x),7 = 1,2,--- , N areknown, linearly independentunctionscalledthe basisfunctionsand
/i areunknawn coeficientsto be determinedBy defininga suitableinnerproducty, ) andby choosing
asetof testingfunctions{t;},7 = 1,2, --- , N, wereducetheintegral equatiorto theform

Az = b, AeCVN gz becCV

wherezx = (f1, f2,-, fn), bi = (ti, g), and

) = () =g
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where
Yi(x) = / K(x,x")¢;(x") dx'.
G
We stipulatethatthekernel K (x, x') is suchthatthe function;(x) satisfiegthe Helmholtzequation

V2 + k1 = 0 €))



outsidea spherecontainingthe supportof ¢;.

For our purposeswe shallregard{ f;} asthe soucesandthe functions{¢;} asthereceives. The
motivationbehindthis canbeillustratedby consideringa specificexample.

Let K(x,x') = % andlet D C R®. Thenf(x),x € D canbe interpretedasa continuous
distribution of “charge” radiatinga field v;. Similarly, the functions{¢;} canbeinterpretedastakinga
“weighted” measuremerntf thefieldsradiatedoy the sources- resemblingarecever.

The MLFMA is basedon the following key representationWhenthe geometricalsupportsof the
sourceg; andtherecever¢; are“well separated’their interactiona;; = (t;, K¢;) canbe expressed
as[11]

iy ™ / drti(r)ﬁ / Va(8)F3(8) - €™=ea)s oy,
suppt;
with
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and Vn(§) = Z zm(Qm —+ 1)Pm(§§13)hm(k‘C2 — C1|)
m=0

wherec; € R? is apoint“close” to the expansionfunction ¢;, calledthe centerof multipole expansion
, ¢z is apoint closeto ¢; calledthe centerof the local expansionand.S; is the unit spheren R3. It is
obviousthatin any numericalimplementationtheintegrationovertheunit spherewill bedoneusingan
appropriatequadratureule.

Theimportantthing to be notedis thatthe sourceandrecever pointsarenow separatedsothatone
cancombinethe “far fields” F;(s) of several basisfunctionsto form a single representatiomndthen
evaluatedonce. Thus,the generalstratgy of a MLFMA is thatof clusteringbasisfunctionsat various
spatiallengthsandcomputingtheinteractionswith thetestingfunctionsfrom suficiently distantclusters
usingfarfield representationg:or nearbyinteractionsdirectcomputations used.Notethatin thestatic
fastmultipolemethodtheinteractionsarecomputedisingmultipoleexpansionsvhereasn thedynamic
casefarfield representationareused which leadto the diagonalizatiorof thetranslationoperators.

In orderto dothis, thebasisfunctionsarefirst enclosedn acube.Thenusingarecursve subdvision,
a hierarchyof meshesdividing the cubeinto smallerones,is created.A treestructureis thenimposed
onthenon-emptycubesn this hierarchy

The basicalgorithm for matrix-vector multiply is broken down into two sweeps:the first sweep
consistsof constructinghe far field patternsof eachnon-emptybox at every level. At thefinestlevel,
this is doneby combiningthe far field patternsof all the basisfunctionsbelongingto the given box.
At every otherlevel (exceptthetwo coarsestevels)the far field patternof a givenbox is obtainedby
combiningthe far field patternsof its children. The secondsweepconsistsof constructingocal fields
of eachbox at every level, representinghe field dueto all the cubesthat are consideredo be “well
separated”.

A mostimportantpointto benotedis thatastheboxesgrow in size,aswe ascendhetree,thenumber
of multipolecoeficientsor the numberof samplef thefarfield patternovertheunit spherejncreases.
Thus,combiningthe far field patternsof the child boxesto form that of the parentrequiressomeform
of interpolation.Similarly, during the secondsweep while inheritingthe local fields of the parent,the



numberof samplesneedsto be reducedby filtering out the higher orderfields. We refer the reader
to [13, 14, 15 moredetaileddescriptions.This is the mostcrucial differenceof the dynamicMLFMA
from its staticcounterpart. For thelatter, the numberof multipolesusedat every level is thesame.

3. Parallelization of MLFMA on Distributed M emory Computers

In thissectionwe shallsummarizenajorissuesn theparallelizatiorwhichareuniqueto thedynamic
MLFMA, suchasreducingthe memoryrequirementdor translationoperatorsand the reductionof
replicatedgeometricdatastructuresWe shallalsobriefly discusghe load balancingstratgies. Further
detailson thesetopicshave beenreportedn [12].

3.1. Tree Construction and Domain Decomposition | ssues

Several approache$fiave beendiscussedn the literaturefor tree construction[16, 17] for particle
simulationapplications.However, in the caseof integral equationsolvers,thereexists two important
geometricapropertiesvhich influencethe choiceof thetreeconstructioralgorithm.

The first propertyof the geometricdataarisingfrom the discretisatiorof integral equationgs that
they arestationaryin time. This propertycanbe usedto generate goodloadbalancingstratey during
theinitializationtime itself.

However, the secondpropertyis not so helpful. It refersto the fact that mostdiscretisatiorproce-
duresusebasisfunctionswith non-trivial support.Thatis, the sourcesareno longerlocatedat a single
point, but spreadbver aregion. An importantexampleof sucha discretisations the Galerkin's method
with the RWG functionsfor solving electromagnetiscatteringoroblemg8]. The RWG functionshave
supportover two triangularfacets.Althoughthis problemis not uniqueto the electromagnetiscatter
ing problemsit is particularlyimportantin this caseowing to the recentdevelopmentsn higherorder
approximatiortechnique$18].

Suchdiscretisationgnake the so called “connectionmatrix” non-diagonal. The connectionmatrix
relateghebasisfunctionsto geometriadescriptionof the object. For instancejn the caseof RWG basis
functions,the connectiomrmatrix relateseachbasisfunction with the indicesof the triangularfacetson
whichit is defined.Thereforearny decompositiomf basisfunctionsacrossnultiple processorwill have
to ensurecompletenessf local data. Thatis, oneneedso make surethatif a particularbasisfunction
is assignedo a processarall the geometricdataassociatedvith that basisfunctionis also available
at the sameprocessarTo give anexample,with RWG basisfunctions,if a particularbasisfunctionis
assignedo a processqrwe alsohave to keepthe two facetsassociatedavith thatbasisfunctionin the
sameprocessarBut thisin turnimpliesthatwe alsoneedto keeptheverticesandtheedgef thefacets
in thesameprocessorSuchaschemevould ensurdhatthe processoraeednotcommunicatavith each
otherto getrelevantgeometricdata. We call suchan assignmenasa locally completedecomposition
Notethatalocally completedecompositiommay still have replicationto someextent.

Oneway to handlethis problemis to simply replicatethefull geometricstructuresn every processar
However, memoryfor geometriadatastructuress O(N), whereN is thenumberof unknovnsandafull
replicationhastheundesirablecalingof O (Np) wherep is thetotalnumberof processorsNevertheless,
for small to mediumscaleproblems,rangingfrom a few thousandunknavns to a few hundredsof
thousandsthis approachs very practical.



Obviously, for very large scaleproblemssucha simplistic approachs unacceptabl@andary seri-
ousimplementatiorof MLFMA on distributedmemorycomputerswill have to supportanappropriate
domaindecomposition.

Fortunatelywe canconstructagooddecompositiorof geometriadatawhich requiresO(N) memory
independenof the numberof processorsprovided we alreadyhavea distributedtree To seethis, we
notethatin orderto computethe matrix-vector products,we needtwo typesof informationfor every
box. Firstof theserefersto theradiationandreceving patternf every basisfunctionin ary givenbox.
Thisimpliesthatwe needto storethe connectvity informationfor all thelocal basisfunction. However,
this informationis not sufficient. This is becauseto computethe nearinteractionswe needto have
the geometricdataand connecwity informationfor every basisfunctionin the nearinteractiondlists
of local boxes. Therefore oncewe have thetree,all we needto storeis the connectity andgeometric
informationof everybasisfunctionin thenearists of localboxes. Sincethenumberof directinteractions
is O(N), it follows thatthe total storagerequiremenstill remainsO (V). However, notethatthe actual
storagewill be morethanthatrequiredfor onecopy of the geometricdatastructuredbecausef a few
replications.

To exploit this, in Scal eMVE , we have developeda two stageinitialization proceduren the first
stageof which thedistributedtreeis constructedThe applicationprogramcanthenusetheinformation
providedby Scal eME to decompos¢hegeometriadatastructures.

3.2. Scaling of Trandlation Matrices

In the dynamicMLFMA, the speedupn computingthe matrix-vectorproductsis achiezed through
theuseof diagonalizedranslationoperators. Usually, in ary practicalimplementatiorof MLFMA, the
diagonalizedranslatioroperator@arepre-computea@tthesetupstageandstored.In the straightforward
implementatiorof MLFMA for distributed memorycomputersusing messageassingparadigm,the
translationoperatorsare replicatedin eachprocessoiin orderto reducecommunicationcostsandto
acceleratehe matrix-vectormultiply. However, this requiresan O(N) storagein eachprocessarThus
thememoryrequirementsor translatioroperatorscaleasO(Np) wherep is thenumberof processors.
Thisis unacceptabléor large scaleproblems.

A naiwe approacho solve this problemis to computethe translationoperatorson thefly”. In other
words,computethemasthey arerequired.However, it increaseshe overall computationatompleity
of MLFMA to atleastO(N3/2) from O(Nlog N).

In orderto solve this problem we have developedanen compessedepresentatiofor thetranslation
matriceswhich canbe evaluatedrapidly asandwhenthey arerequired[19]. This new representatiois
basedntheobsenrationthatfor agivens,, theproducts- 5, € [—1, 1] andthatthefunctionv($) is thus
apolynomialof degreeL — 1 in theintenal [—1, 1]. We usea speciallydesignednedimensionafast
multipole algorithmto construcia fast,polynomialrepresentatiowhich requiresonly O(v/N) storage
andO(N) evaluationtime, thus bringing down the scalingof storagerequirement®f the translation
operatotto O(pyv/N) (See[19] for moredetailsof this work).

However, theintroductionof thecompressettanslatioroperatorsncreaseshetime for matrix-vector
productssignificantly To seethis, we notethat the translationphaseis driven by the “recever” box
andits interactionlist [11]. This would requirethe evaluationof a giventranslationmatrix morethan
oncein asinglematrix-vectorproductcomputation.Therefore gventhoughthe compressetranslation
operatordiave alowertime compl«ity, the overall computatiortime increases.



In orderto avoid this, we needto rearrangehe translationphasen sucha way thateachtranslation
matrix is evaluatedonceandonly onceduring eachmatrix-vectorcomputation.For this, we createa
list of orderedpairsof boxesfor eachtranslationoperator SeeFigurel for a pictorial illustration of
theinteractionlist of a translationmatrix. Oncethis is done,the translationphasecanberearrangeés
follows:

for [ = 2 to maxlev do
for eachtranslationoperaton, (r) atthislevel do
for eachorderedpair (b, b') € InteractionList of v, (r) do
Translatehefarfield of ' to ¥,
endfor
endfor
endfor

On asingleprocessommplementationthis schemeensureshateachtranslationoperatoris accessed
or computedonly once.However, in a distributedmemoryimplementatiorit may happenthatsomeof
the boxesin theinteractionlist of a translationoperatormay not be locally availablefor accessinghe
radiationpatternFy (s). Hence adirectimplementatiorof theabose schemecannotbe used.

However, this problemcan be solved by using the conceptof ghostboxes[20]. Ghostboxes are
dummyboxeswhereincoming radiationpatternsare stored. For instance et a box with Morton key
k, existin processop; andits radiationpatternis neededn processop,. We establisha dummybox
in processop, with akey k; andresere sufiicientmemoryfor holdingtheincomingradiationpattern.
Eachprocessokeepsseveral suchghostboxesfor eachlevel. Now, assoonasthe radiationpatterns
arrive, thetranslationsaredoneusingthetranslatordrivenalgorithmdescribecearlier

Oneof theissueghatcomesupis theamountof memoryrequiredfor ghostboxes.It turnsoutthatif
we let eachprocessodo apartialsynchronizatiorateachlevel duringthetranslationphasethe memory
usedby boxesatagivenlevel canbereusedor theghostboxesatthenext level. Usingthis obsenation,
we shalldemonstratén the numericalresultssectionthatthe memoryusedby the ghostboxesis much
smallerthanthatwould have beenusedby storingall thetranslatiormatrices.

3.3. A Costzone Schemefor Load Balancing

In thissectionwe describeastaticcostzoneschemdor balancinghe CPUloadacrosgheprocessors.
Theapproactwe employ hereis similarto theonediscussedh [21]. We notethat,in the caseof acoustic
andelectromagnetiscatteringproblemsthepositionsof thebasisunctionsremainthesamehroughout
the simulation. As a consequencehe MLFMA tree usedfor computingmatrix-vector productsalso
remainshe same.Thusit is feasibleto look for aload balancingschemewhich canbeincorporatedas
aninexpensve preprocessingchemedor treeconstructionsinceit is a one-timeaffair.

For simplicity, we ignorethe communicatioroverheadassociatedavith the computations.We shall
alsoassumehatthecostassociateth transmittingdataacrossary two processorgs thesame Although
thisassumptions not alwaystrue, it simplifiesthe situationconsiderably

We bggin by mappingeachparticleto a box at the finestlevel, therebyassigninga Morton key, not
necessarilyinique to eachof them. After sortingthe particlesaccordingo their keys, thefinestlevel of



the MLFMA treeis obtained.We shallkeepthis sortedlist of basisfunctionsandtheir respectre keys
in eachprocessoanuseit throughouthe computations.

Correspondingo eachbox, we shalldefinea datastructurenode wor k, which canberepresented
asad4-tuple: (key, nparticle, first particle, nywork),wherekey istheMortonkey
to thebox, npar ti cl e is the numberof particlesin thebox,fi r st _parti cl e is a pointerto the
first particlein theboxin the sortedlist, andmy wor k is thetotal work requiredfor the box. Thetotal
work requiredfor a given nodeis estimatedhrougha “simulation” of the MLFMA. Thatis, the tree
is traversedexactly asin an actualmatrix-vectormultiply, but insteadof computingthe matrix-vector
products,we only estimatethe work requiredfor every operation,suchastranslationsjnterpolations
andfiltering, requiredfor eachboxin thetree. Thismaybetermedasa“dry run” of thealgorithm.Note
that,in orderto do this, we do not needall the detailsof thetree,or eventhe memory It turnsoutthat
this“dry run” is quiteinexpensve.

An importantfactto be notedis that computingthe work requiredfor eachnodeis not the sameas
doing the actualcomputations. Therefore,underthe assumptiorthat the total numberof non-empty
boxesis O(N), it canbeshavn thatthis procesiasa compleity of O(N log N), andthatthe constant
associatedk insignificantcomparedo thatfor the matrix-vectormultiply.

Oncethisdummytreeis constructedwe computethetotal work, W, requiredfor eachmatrix-vector
product.Thei-th processors thenassigneall thenodesn thetreewhich contributefrom %W to %W
segmentof the total work, wherep is the numberof processorsThis canbe readilydoneby traversing
thetreein post-ordemandsummingup the contributionsfrom eachnodeasthetraversalprogresses.

4. Numerical Results

As we mentionedearlie; Scal eME is an applicationindependenkernelwhich can be retrofitted
into independenthydevelopedintegral equationsolvers. We have interfacedit with severalsuchcodes
developedatthe Centerfor ComputationaElectromagneticef Universityof lllinois. In thissectionwe
reportsomeresultsfrom onesuchcodefor demonstratiompurposes.

The applicationconsidereds thatof electromagnetiscatteringrom perfectlyconductingobstacles.
This is a classicalandvery importantproblemhaving a wide variety of applications.The formulation
andimplementatiorissuesarewell documentedh theliteratureandwe omit the detailshere[13, 2, 3].
We presensomerepresentate resultspertainingto theissuesdiscussedh this paper

4.1. Single Processor Performance

The first setof resultswe reportis that of comparisorof single processoperformanceof the new
codeto the FISC. In orderto do this, we choosethe classicalexampleof scatteringfrom perfectly
conductingsphere®f varioussizes.This comparisorwascarriedoutonanSGIl Paver Challengeseries
multiprocessowith 2GB RAM, runningat 90MHz. Duringthistest,theparametersf Scal eME, such
asnumberof termsin the multipole expansionsandthe orderof the interpolation,arechoserto match
exactly with thatof FISC. Theresultsareplottedin Figure2. It is seenthatthe Scal elVE is about23%
slower thanthatof FISC. This s a very goodperformanceincethe MLFMA asimplementedn FISC
is tightly coupledto the MoM codeandhenceusesseveralspecializedptimizationsfor efficiengy. On
theotherhand,we seethatthememoryrequirements$or Scal eVE is almostthe sameasthatfor FISC.
This testdemonstratethatthe singleprocessoperformancef Scal eVE is comparabléo thatof the



bestknown sequentiatode.
4.2. Scaling of Trandation Matrices

In this sectionwe presensomerepresentate resultsdemonstratinghe savingsin memoryobtained
by usingthe compressetranslationoperators.The examplechosens a setof sphereof radii varying
from 12\ to 80\ where ) is the wavelength. In Table 1, we reportthe memoryrequiredfor the full
matricesand that requiredfor the compressedranslators. Given also are the numberof unknovns
usedin eachcase.The sarzings areclearlyimpressve. In orderto give a moreconcretepictureof the
performanceof this algorithm,in Table2, we presenthetotal savings on 16 processorsvhile solving
the80\ probleminvolving nearly4 million unknavns.

4.3. Load Balancing

As discusseckarlier we usea static costzoneschemefor load balancing. In this sectionwe report
two resultson theload balanceachiezed during practicalsimulations.In thefirst case we considerthe
scatteringrom ametallicsphereof radius80\. Thisprobleminvolved3, 981, 312 unknavns. We report
the average time spentin the kernelof ScaleMEfor eachmatrix-vector productas a measureof the
balanceachiesed. This problemwassolvedon 16 processoref NCSAs Orgin 2000. Thisis shavn in
Figure 3. In the secondexample,we computedthe bistaticradarcross-sectiomf a full scaleaircraft,
namelya VFY218, at 500MHz. The aircraftwasmodeledusing54,990unknownns. This problemwas
solvedonaBeowulf [22] classcluster calledOrion, of PCsrunningLinux. Eachnodeof thisclusterhas
an350MHz AMD K6-2 processoand128MB of RAM. The nodesareconnectedhrougha 100Mbps
ethernetanda 24 port, Xyplex Network’s Megaswitchwhich givesa maximumthroughputof 3.2Gbps.
More detailson the clustercanbefoundin [10]. Theloaddistributionis reportedn Figure4. We note
thattheloaddistributionacrosgheprocessors notasgoodasthatobtainedor thespheresThisis due
thegeometricahsymmetrywith respecto the hierarchicadecompositionof the problem.

4.4. Fast lllinois Solver Code (FISC)

FISC is fine tunedfor sequentiaimplementationof dynamicMLFMA and parallelizedfor shared
memorymachindike SGIPowverChallengeandOrigin2000.In Figure5, weplottheRMSerrorbetween
Mie seriesand FISC resultsfor a spherefrom 0.75to 100 \. The numberof unknowns is 588 to
9,633,792and numberof levelsin MLFMA is from 2 to 9. It is obsered thatthe error is almosta
constanexceptfor thefirst two points,wherethe geometryerroris dominant.The 9,633,792inknavn
modelis alsousedto calculatethe RCSfor a 120 A sphereasshavn in Figure®6. It uses32 processors
of Origin2000,26.7 GB of memory 1.5 hrs. for filling matrix, 13.0hrs. for 43 iterationsin GMRES
(restartafter 15 iterations)to reach0.001residualerror, and 3 minutesfor 1,800 pointsof RCS.The
RMSerroris 0.20 dB for all 1,801 pointsfor elevationanglerangingfrom 90° to —90° with theincident
angleat90°, and0.11 dB for elevationanglerangingfrom 90° to —30°. Becausef the memorylimit,
theaccurag settingis lowerthantherunfor 100 \.

In Figure7, we plot bistaticRCSof the VFY218 at 8 GHz. Theincidentdirectionis from broadside
with H-polarization(EL=0°, AZ=90°). This problemused64 processor®f Origin2000,46 GB of
memory and19 hours. Numericalresultscalculatedby Xpatch,a high frequeng approximationcode,
arealsoplottedfor comparison.



5. Conclusions

In this paper we have discussedomeof the importantissuesn the parallelizationof the electrody-
namicMLFMA usingthe messageassingparadigm.We have discussedhe uniquecharacteriticof
MLFMA thatinfluencethe parallelalgorithmdesign. Techniquedor resolvingissuessuchasdomain
decompositionscalingof translatiormatricesandloadbalancingwerediscussedbriefly. We have pre-
sentedsomerepresentate performanceaesultsdemonstratinghe succes®f thesealgorithms. Using
FISC on Origin2000machinesn HPC ASC MSRC andNCSA at the University of Illinois, we have
solvedsolvedthescatteringoroblemof a 120\ spherewith 9,633,792unknavnsandVFY218at8 GHz
with 9,990,918inknavns. Our resultsshow thatthereis no significantlyerrorpropagatiorirom level to
levelin MLFMA.
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Table 1. Savings in memory obtained by the use of compressed translation operator s.

Elect. Size | Num. Unknownvns | Memory (MB)
Full | Compressed
12 150,528 10.83| 0.8
24 602,112 36.54| 2.3
48 2,408,448 132.4| 5.3
60 3,145,728 201.1| 6.6
80 3,981,312 557.5| 12.34

Table 2. Memory required at each level for the translation operator s for the 80\ sphere problem and
the savings obtained using compressed translation operator s and ghost boxes. IV, is the number of
samples over the unit sphere corresponding to a given level

Level | N, Memory(MB)
OneMatrix Full

2 170532| 1.3 411.13
3 45004 | 0.343 108.5
4 12172 | 0.093 29.35
5 3532 | 27.6(KB) 8.52
Memoryrequiredfor oneprocessor 557.5
Total Memoryfor 16 processors(MB) 8,912
Memoryfor Compresse@®perator{MB) | 12.34
Total Memoryfor ghostboxes(MB) 2,048
Savingsn Memory(MB) 6,674.6




Figure 1. lllustration of the list of interactions associated with a given translation operator.
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Interaction list of a given translator: | (16253017 280 18 27),(21,30),(20,29),(22,31)]



Figure 2. Comparison of speed and the memory requirements for TRI MOM+Scal eME with FISC

on a single processor.
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Avermge Time per call to ScaleME kerne

Figure 3. The average time spent in the kernel for each matrix-vector product plotted against the
processor Id. We use this as a measure of the load balance achieved.
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Avemmge Time per call to the kemel (s)

Figure 4. The average time spent in the kernel for each matrix-vector product plotted against the
processor Id for the aircraft.
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RMS Error

Figure 5. RMS error for a sphere from 0.75 to 100 in diameter. Number of levels in MLFMA is from

2to 9.
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Figure 6. The Mie series and FISC result for a sphere with 120. A total of 9,633,792 unknowns and
9-level MLFMA are used.
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Figure 7. The bistatic RCS of the VFY218 at 8 GHz (H-pol.). A total of 9,990,918 unknowns and 10-
level MLFMA are used.
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